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1 Lecturel

2 Lecture 2

2.1 Properties of local minimum =z,
2.1.1 First-order necessary condition

We use the abbreviation FOC(necessary) which denotes first-order necessary condition

Theorem 2.1 (FOC(necessary)). If z. is a local min, then V f(z,) = 0.

7?7

Proof. Let g(t) = f(x. + tAxz). Then by the definition of derivation, we have

§(0) = iy L7710 = )

Note that f(z. + tAz) — f(z«) > 0 holds by the definition of optimal point z.. So we
conclude that ¢’(0) > 0. Then we have

0<g(0)=Vf(z,) Az

for all Az. Now plug in Az = —Af(x.), then we have 0 < —||Vf(x.)||>. Then this
concludes that we have V f(z,) = 0. O

2.1.2 Second-order necessary condition

Theorem 2.2 (SOC (necessary)). If z, is a local min, then V2 f(z,) = 0.

Proof. Proof by a contradiction. If V2f(x,) # 0 holds, then there exist Az that satisfies
AzTV2f(x,)Az < 0. Then, by Taylor expansion, we have

fla, + Az ):f(ar*)+tAf(x*)TAz+%AITV2f( ut) )Ae

nominal ~ perturbation new point
Then as t — 0, then y(t) — ., so we have
L V2f(y(t) = V2f(x2).
2. AzTV2f(y(t) Az — Az TV2f(z,.)Ax.

Therefore, the above two bullets lead us to conclude that f(z. +tAz) < f(x.) holds which

contradicts the definition of local min. O



2.1.3 Second-order sufficient condition

Theorem 2.3 (SOC (sufficient)). If z, satisfies Vf(z,) =0 and V2f(x.) > 0, then
the following holds.

1. x. is a strict local min.

2. e > 0, > 0 such that f(x) > f(z.) + pl|lz — 24|

Proof. If Vf(z4) > 0 holds then there exist e, A > 0 such that mineig(V?f(z)) > X for
Vo : ||z —z.|| < e Now, let the point y as an intermediate point between z, and z, + Ax.
The corresponding Taylor expansion would be

flze + Az) = f(xi) + Vf(z) Az + %AchV2f(y)Ax.

Let # = z, + Az and note that V f(z.) = 0 holds and V?f(y) % AL Then we have

F(@) > f(@) + 5 1Al

where setting p = A/2 finishes the proof. O

2.2 Update rule

So far, we have investigated some properties of local minimum. FOC, SOC. However, the
main question that we are interested in is more practical: how to find local minimum?.
Within this sense, let’s come up with decent method. We cannot find x, in one shot.
We have to find it gradually. If we generate the point sequence as {x(o) -z - 2
oo = xR o g+ .Y and what we want is the improvement at each iteration, i.e.
f@@) > fzM) > f@) > - > f(2®) > fz®+tD)) > ..., Within this sense, we
introduce the following update rule

Definition 2.4 (Update rule). z*+D = 2®) 4 o®) = AyxE)
—— ~—~ N~ ——
new point old point  stepsize direction

Theorem 2.5. Three followings are held.

1. ¥ Vf(®)TAz®*) > 0, then 37 > 0 such that f(z*+D) > f(z®) for Va®) €
[0, 7].

2. f VF(x®*)TAz*) < 0, then 37 > 0 such that f(z*+1)) < f(x®) for Va® ¢
[0, 7].

3. If Vf(2®) T Az(®) = 0, then look at sign((Az®)TV2f(z(*) )V k).




2.2.1 Descent direction

Definition 2.6 (Descent direction). In the update rule, if Vf(z(*)TAz < 0 is

satisfied, then Az is called descent.

2.2.2 Steepest descent

Note that there are infinitely many descent directions. Then what is the best direction?.
Let’s take a look at the following equation to come up with what is the best direction
intuitively.
F@® D) = f@®) + a® V) Tyz® 4.
—_— ——
1) fixed ~ fixed ()

One intuition that we could get is reducing term (II) also leads to reducing term (I). Then
we can determine the best direction as follows.

rgin Vi(®)T Az
st ||Az]| <1

Note that regarding with norm ||Az||, it is open to either choose 1—,2 — co— norm, etc...

In most case, we use standard norm of ||Az||2 where

V™)

Ar=——"*_.
T TV AP

Since we have a step size, let’s make it proportional then we can rewrite it as Ax =
—Vf(zk),

Definition 2.7 (Steepest descent). If we choose Az*) = —V f(2(*®)), then we call
this method as steepest descent method (w.r.t || - ||2). We can generalize this to
Az®) = —DEV f(2() where DK) - 0.

Theorem 2.8. If D*) = 0, then the steepest descent direction is a descent direction.
Namely for Az®*) = —D®V f(2(*F)) where D®) = 0, V f(x®*)T Az(*) < 0 holds.

2.3 Stepsize

How to find a stepsize a(F)?
1. Exact line search
2. Limited line search

3. Backtracking



2.3.1 Exact line search

3 Lecture 3

We are interested in solving the problem min f(z) and we have shown that optimal point z.
satisfies V f(z.) = 0 (FOC). We are interested in computing {z(®) — 2(1) — 2() — ...} by
a algorithm z*+1) = 2(®) 1 (W) Az(*) We determine a*) by 1) exact line search 2) limited
line search 3) backtracking and we call Az(®) a descent direction if Vf(z*)TAz®*) <0 is
satisfied. The important part of previous methods are whether f(z(*+1)) < f(z(*)) holds.

Now, let’s focus on how much it could improve, namely f(z(*+1)) — f(z(*).

3.1 Armijo rule

Definition 3.1 (Armijo rule). We have a pre-set parameter 0 < o < 1. Pick the

smallest ¢ such that a¥) = o satisfies the following inequality

£a*0) = £a®) < oV £(a®) T Ac®el 1)

Theorem 3.2. If ¢ is bigger than the threshold, then Inequality is always satis-
fied.

3.2 Constant stepsize

So far, we have dealt with how to determine step size a(*) that varies as k goes by. Then

what if we fix the o(%) = « as a constant? we call this gradient algorithm
g* D = 20 _ v f(20)) (2)

The first question that naturally we can come up with is whether the gradient algorithm

guarantees convergence. Usually, it does not converge.

3.3 Diminishing stepsize

If a®) — 0 but 337 o) = 400 then it’s going to work. For example if a*) = 1 it does
not work but if a(®) = 1712’ then it works. However, we have a convergence issue. Let’s think
about the algorithm that satisfies a descent direction, i.e. z**t1D = z(*) 4 (M) Az*) where
V£(x®*)TAz*) < 0. The problem happens if the direction is becoming nearly orthogonal

to the gradient. So we need the following assumption

V()T Az

S TV [ < ¥

Note that tells us that the angle between direction (A®*)) and the gradient (Vf(z(*)))
should not be 90 degree.



3.4 Gradient related

Definition 3.3 (Gradient related). {Az(*)}2¢ | is gradient related if for any sub-

sequence {x(®)}ck such that {2} ¢ converges to a non-stationary point, then
o {Az(M} is bounded

e limyo0 sUpe g Af (™) T Az < 0.

Based on the Defintion [3.3] we have the following lemma

Lemma 3.1. Let gradient direction Az®) = —D®EVf(z*) where the matrix
D®) = 0. The matrix D*) can be regarded as a scaling factor related to the
gradient. If there exists a constant ¢; > 0,p; > 0,c2 > 0,p2 > 0 that satisfies then

this is gradient gradient-related algorithm.

For example, Az*) = —V f(2(*)) is gradient related algorithm (also, later on, we define
this as gradient algorithm) since D*) = I

3.5 When to stop?
We have some candidates to determine when to stop
1. Stop if ||V f(z®)[| < e
o IV S @]
2. Stop if TS F O] <e

3. Stop if ||zt — z(®)|| < e

Theorem 3.4. Suppose we have an optimal point x, that satisfies SOC sufficient,
i.e. V2f(x,) = 0. Think about a ball B around the z, that satisfies V2f(z) = 0.
Then if ||V f(z|| < e for any x € B, then the following holds,

1. [lz — x| < ¢/m
2. f(z) — f(z:) < €8/2m

it also means that if the gradient V2f(x) is small, then it is close enough to

solution either z. or f(z.).

Proof. Assume that intermediate point y between x, and z that is also stated in a ball B.
i.e. x,x,,y € B. The Taylor expansion where x, is a new point and z is a nominal point is

given as follows.
flz0) = f(2) + A @) A+ S ATV f(y) A
> [(@) + V() A+ sml|A]?

> i () + V)2 + Joelo|P)

10



The second inequality comes from the fact that y € B so V2f(y) = ml holds. We let
m be the minimum eigenvalue of V2f(y) for any y € B. Then, the last inequality is a
quadratic convex function since V f(z) > 0. Then it attains its minimum at point z, that
satisfies FOC. Therefore z, = —V f(z)/m is plugged into the quadratic term and we get the
following.

@) > fla) - DI

2m

62

> f(z) — 5=

2m

this completes the proof of the second bullet point. Now, let’s complete the proof of the
first bullet point. Again, we have that Taylor expansion as

Fla) = f(e) + V()T A + L AxT V() A
= f(r) + 30TV f()Aa ()

and by the second bullet point, we have

E2

flz) 2 f(z) — o— ()

2m

Add above Equation and Inequality , then we have

2
1
— > ~m||Ag|]?
2m 2
which we finally have
€
|Az|| < —
m
where Az = ¢ — z,. OJ

4 Lecture 4

So far, we are interested in finding that min f(x). We find its minimum by an iterative
method,i.e. {20 — 2 — 23 — ...} where z*+t1) = 2(®) 4+ o) Az(*) holds. If we use
the gradient method, i.e. Az = —Vf(x(k)), then our gradient descent algorithm becomes
D = gk — oF)V f(2(*)). However, in most cases, we don’t know the exact value of
Vf(z®). Let g to be approximate gradient of Vf(z*)). Namely, we let the following
expression,

g = Vf(x(k)) + e

where e(®) is an approximation error term.

Relatively small error

Assume that e(*) is small relative to the gradient, namely for all k, |[e®)|| < ||V f(z®)]|
holds. one downside of this algorithm is that as we proceed gradient gets smaller, and then

the error must be small simultaneously.

11



Lemma 4.1. If |[e®)]|| < ||V f(2®]| holds for Vk, then g(*) is a decent direction, i.e.
VFa)T(~g®) <0,

Proof.

Vi T (—g®)) = —||VF(@®)]]2 = VF(@®)Te®
< —|IVF @2+ 1£@®)]] - |le®)]
= —IVF @ N1 @) = 11e™)]])

>0

<0

Note that first equality holds by definition of ¢*), and second inequality holds by Cauchy
inequality. O

Bounded error

Now assume that |[e(*)|| < § holds for Vk. One of our guesses on how the z(*)s behave is that
points might show erratic behavior in the neighborhood of x,, an optimal point. However,
if z(®) states outside of the neighborhood, it might show convergence behavior following a

decent algorithm.

Lemma 4.2. Define neighborhood D = {x | ||V f(x)|| < 6}. Then the point 2(*)

outside of D converges as a decent direction. Namely, —V f(z*))Tg(*) < 0 holds for
(k) ¢ D

x .

Proof.
Vi) (=gW) = —[|Vf@®)[]? = v f@®)Te®

< IV LEIP + (1 @) - (™))

< IV FE)IP + 1)) -6

= [V )II(|1f ™)) - 9)

S —
>0
<0
O
H Algorithm gradient algorithm perturbed gradient algorithm H

Equation | D = z(F) — oG f(2®) 2D = z(F) _ o) (Vf(x(k)) + 5)
Objective min f(x) min f(z) + 'z

12



SGD: Stochastic Gradient descent

Now, instead of saying error e(*) is relatively smaller than the gradient or bounded by a
constant, let’s regard it as a random variable. Let us assume g*) = Vf(:r(k))+e(k') where e(F)
is random. Then the objective function that we wanted to minimize was min f(x). However,
since we have randomness in a function itself, the objective function should be E,, [F(z, w)]
where w is an uncertainty. Therefore our gradient looks like Vf(z) = E,, [V, F(z, w)].

One problem for computing gradient is that it is hard to obtain in the real world since the
expectation is over the infinite w space. One basic approach is approximating V f(z) with
just one uncertainty sample. Namely, we have defined V f(z(®)) as E,, [VZF(:JSU“), w)] but we
will approximate this with just using one sample w®) i.e Vf(z®*) = E,, [VwF(x(k), w)| ~
V. F(z™®,w®). Now, let’s define the error e(*) as follows.

e® =V, F(z® wh) - K, |V Fz®, w)}

Lemma 4.3. Since E,,(e(*)) = 0, SGD is descent algorithm on average.

Theorem 4.1 (SGD convergence). Let us assume that e(*) is i.i.d and zero mean
and bounded. Assume that stepsize satisfy limy_, oo a(®) — 0, Z,;“;O a® = o, and
S i o(@®)2 = 0o, Then SGD converges to a stationary point.

Before moving to the next theorem, what is the limit point?

Example 4.2. If a sequence is {+1,—1,+1,—1, ..., }, then there is no convergence,

and the sequence has two points: +1, —1.

Theorem 4.3. For given algorithm z*t1) = z®*) 4 o®Az(*)  Assume that
{A:c(k)},;“;l is gradient related. Let’s say we compute stepsize a*) by among 1)
exact line search, 2) limited line search, or 3) Armijo rule. Then every limit point of

{z(®)}22 | is a stationary point.

. J

Proof. To be continued. O

4.1 Lipschitz continuity of gradient

Definition 4.4 (Lipschitz continuity of gradient). Function f is Lipschitz continuity
of gradient if there exist L > 0 that satisfy ||V f(z) — Vf(y)|| < L|jlz — y|| for
Vz,y € R™.

13



Theorem 4.5 (Bounded by quadratic function). Lipschitz continuity of gradient
implies that f(z+y) < f(z) +y " Vf(z)+ £||y||? for Vz,y. This also brings up that
when z = 0, f(y) < f(0) +y "V f(0) + £||y||* holds which means function f(z) is
bounded by quadratic term Z||y||%.

Proof. Let g(t) = f(x + ty) for all t € R. Then, we have the following expression.

1
flat9) = 5(@) = 9) =90 = [ G

1
:/ y Vf(z+ty)dt
01 1
- / yT f(x)dt + / yT(Vf(x + ty) — V(x))dt
0 0
1 1
< / yT (@)t + / 1ol - IV F (@ + ty) — V£ ()] |dt
1 1
T d L — z||d
g/o )T f(x) t+/0 1yl - I\ + ty) — ]|t
1
— T f(z) + Lllyl? / tat

=T F (@) + 2yl

5 Lecture 5

Theorem 5.1 (Capture theorem). If 20 is close enough to isolated local min .,
then {z(®} — z,.

5.1 How to compare algorithms?: Convergence rate

Let’s say you have a algorithm that
2@ M 2@ g

where z, are bunch of points in R"”. We assume z, is a unique limit point. We want to
measure its speed of convergence. We have some candidates to express how errors become
smaller. e(x) = ||z — .|| or e(z) = ||f(x) — f(z4)]|- In most cases, we are interested in
asympototic convergence rate behavior so the tail is important. However, just an asymptotic
convergence rate assumption is not enough.
Think about two algorithms 1 and 2 where algorithm 1 yields {e®®} = {1,0.9,0.8,0.2,10~2}

and algorithm 2 yields {¢®)} = {1,0.7,0.8,0.6,0.3,10~3}. Which algorithm is better is not
an obvious question since the comparison of e(?) and e is different.

This reminds us to set a baseline for convergence rate comparison among algorithms.

14



Definition 5.2 (Linear convergence). Think about a sequence {1, 3, 32, 32,--- }. We
say {e®} converges linearly or geometrically with factor 3 is there exist ¢ > 0 that
for all k € N e(z®)), < ¢* satisfied. Note that e(z(*)) = e(*).

Theorem 5.3. The error sequence {e(*)} converges linearly if limy, o, e*+1) /e(®) <
1 holds. In this case, a factor 8 = limg_, o e(k+1)/e(k).

The previous definition and theorem let us conclude that if 8 decreases, then the algo-
rithm gets faster. Now, what if 3 = 0? This means that the sequence {e(*)} is faster than
{B*} for every 0 < B < 1. We say this as converging superlinearly.

Definition 5.4 (Superlinear convergence). The sequence {e(k)} converges superlin-
early with order p if e(z(®)) < qB”" is satisfied (for all k or for large enough k) for
some ¢ >0 and 0 < 8 < 1.

Theorem 5.5. The error sequence {e(®)} converges superlinearly with order p if
limy,_, o0 e /(e())P < 00 holds.

Definition 5.6 (Quadratic convergence). In the case of p = 2 when superlinear
convergence, we call this quadratic convergence. Namely, if limy_, o, e*+1) /(e(®))2 <
oo holds.

Note that the gradient algorithm yields an error sequence to satisfy linear convergence
and Newton’s algorithm makes it to satisfy quadratic convergence. Before moving on to
convergence rate analysis on specific function form of f, let’s define condition number for
p.d. martrix.

Definition 5.7. For a positive definite matrix (), we define its condition number as

maxeig(Q)  Amax(Q)

c.d. = = > 1.

mineig(Q)  Amin(Q)

5.2 Convergence rate of Quadradic function f
5.2.1 Approximation of function f to quadratic function

Now let’s think about a function f : R™ — R and let x, be strict (isolated) local minima
where it satisfies SOC (sufficient) (Defintion [2.3). By a taylor expansion, we can rewrite
F(@) as f(@) = f(2.) + V()T (@ —2.) +1/2(@ — 2.) V2 (2,) + O(lla — 2.][2). By SOC
(sufficient) condition, we have f(z,) =0,V f(x.)" = 0. Now, if « is close enough to ., by
capture theorem (Theorem , x — x, — x, so the RHS of the taylor expansion get closes

to %wTQx where @ := V?f(x.). This observation provides us an insight that min f(z) is

15



close to solving where min %xTan namely thinking f(x) = %ITQLL' within a bound that

satisfies a capture theorem.

5.2.2 Error rate for approximated quadratic function
Within this sense, let’s remind the gradient algorithm: z(*+1) = z(*) — a(k)Vf(x(k)). Ap-
plying the above observation, we have a modified gradient algorithm as z(*+1) = z(k) —
a®Qz®) = (I - a® @)z, In this scenarios, the error term

e(@®) i= o) = o, ]| = |29 (6)
since z, = 0 in a quadratic function f(z). Then we have

e(z D)2 = ]2V 2 = () (I - a®Q)*e™ < Aax (L= M Q)?) ][ P]?

. Then finally we have

e(m(k:+1))
e(x()

As we know that smaller 8 brings about a faster convergence rate, it is advantageous to

S \/>\rna)<((]I - a(k)Q)Q)'

minimize the upper bound as much as we can. We have the freedom to choose stepsize a/(*).
Then, what is optimal «(*) that minimizes the upper bound?

Let’s investigate how the constant step size (subsection and different step size
(subsection could affect the upper bound of error rate () as follow.s

5.2.3 Constant step size

Let the eigenvalues of @ as {\1,A2,---,A,}. Then eigenvalues of T — ¥ Q are {1 —
a1 —a® Ny, - 1—a® )}, and eigenvalues of (I — a®Q)? are {(1 —a®™X)?, (1 -
aFIN)2 - (1 —a®N,)?) Let Apax(Q) = m and Apin(Q) = M. Then it is known (or
easy to check) that Amax ((I — a®@)?) = max {(1 — a®m)?, (1 — a® M)?}. Therefore, we

have

e(zF+1)

2
SR —_a®
() §max{’1 « m’ ,

l—a(k)M’2}.

Now, this upper bound provides an answer on how to choose a*). By simple math, it
is easy to find that —2— = argmin, (max{’l — a(k)m’2 , ‘1 — a(k)MIQ}) and setting

m—+M
alk) = miM provides its upper bound to be %I:Z = zggggi

To wrap up, we approximate f(z) to 2z Qx within a small region and use a gradient

algorithm for optimal stepsize, then we have the factor g that satisfies as follows,

e(zF+1)) < c.d.(Q) -1
e(x®) ~ cd(Q)+1°

It is easy to check that 0 < 8 = % < 1, so this method is linear convergence that

rate depends on condition number.
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5.2.4 Different step size (Exact line search)

Let’s use exact line search to find optimal a®). Again, we have a gradient algorithm:
2+ = g0 — 0By f(2(F)). We can find optimal a(F) that satisfies

o®) = argmin f(z® — oV f(z®).
a>0

(k) _ ()
Since the function is convex with respect to , the optimal « satisfies 0 = 22 g‘avf @)

Let’s call g¢*) = Vf(2®) = Qz(®). Then the optimal o should satisfy

~(¢") VS ~ ag®) =0.

Since we know that Vf(z®* — ag®)) =0 = Q(z® — ag®) holds. Then the optimal «(*)

would be expressed as
(g™) g™

(g™ T Qg™

Then, by some computation, we have the following expression as

Fa®y = [1- ((g(k))T(g(k)))z
("N TQR(G™)) (") TR~ (g™))

o) —

) (™).
Now, apart from the previous constant step size case, let’s define the error

e(z®)) = fa®) - f(x.). (7)

As we know, we are minimizing the quadratic function so by SOC condition, we have
f(x4) = 0. Then we have

e+ (c.d.(Q) - 1)2
e(xk) cd.(Q)+1) °
Note that the constant stepsize case and different step size case are not directly
comparable since how we define the error e(x(k)) is different. However, one impor-
tant lesson is that the factor 8 in both cases has a relationship with the condition number,
c.d.(Q).
Let’s wrap up the subsection When f satisfies the capture theorem and SOC (nec-

essary) condition, then we could conclude the convergence rate as follows.

H Approximated quadratic function ‘ e(x(k)) ‘ convergence rate ‘ Reference H
Constant step size [|z®) — || B = % Subsection |5.2.3
2
Different step size (Exact line search) | f(z®) — f(z.) | 8= (%) Subsection [5.2.4

Table 1: Convergence rate for approximated quadratic function
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6 Lecture 6

6.1 Approximated quadratic function when f(z) holds strong con-

vexity

We are still touching down the problem that approximating the problem min f(z) to min %xTQaz
where Q = V2 f(z,). Let’s assume that there exists m, M > 0 such that mI < V2f(z) < MI
holds for all x.

What if such m, M doesn’t exist for all x7 We need to consider sub-level set {x | f(z) <
f(z©)} and then we can define such m, M over this set. There are a few things that we

can check

1. Since ml < V2 f(x.) holds, we can say SOC sufficient holds.

2. % is an upper bound on c.d.(Q)
3. Recall that we have the inequality f(z) — f(x.) < W where m says that the
gradient is small, then point x is close to a solution. — Capture theorem

Above first and thrid points guarantee that we can still approximate f(z) to a quadtradic
function as what we have done on Subsection We want to check the convergence rate

within this case, with 1) exact line search and 2) backtracking.

6.1.1 Exact line search

Let’s start with how the exact line search shapes the gradient algorithm

F@® ) = f(@® — oWV f®))
=minf( 2% —a®vfE®))

a>0

nomial point perturbation

. 1

= min [ /(@) + V()T (~aVf@®) + S (-aV )TV 2H ) (aVfE®)
- new point

Note that Taylor expansion of the second equation provides the third equation and we can

replace the higher order terms larger than the third order by introducing a new point z(¥)

(mean value theorem). Now, note that by assumption, we have V2 f(z(*)) < MT holds. So

we have the following

2
1) < gy (1004 (o 257 e )

< 1@®) - o |||

Note that in the second line inequality, the argmin is obtained at « = 1/M. Now we use
the fact that —2m(f(x®) — f(2.)) > —||Vf(z®)||? holds. We define the error e(z*)) :=
f(z®) — f(z,). Then we have the following inequality.

e(x(lﬁ-l))

A g
e(x®) —

<1-

SE

c.d.(@)



So, in case of exact line search, the error sequence linearly converges with a factor g =
1—-m/M<1-1/cd.(Q)

6.1.2 Exact line search — When to stop?

So far, we have investigated the algorithm’s convergence rate. Then, if we know the al-
gorithm we have come up with converges, it is natural to ask what would be a good k&
to stop the iteration. Specifically, if we are given a task min, f(z), then the sequence
{2 = 2 & 2@ & ... 5 2 ... goes infinity and we need to stop at some point
k.

Let’s say we stop at point k if f(z(®)) — f(x,) < € is satisfied. Note that € is a hyperpa-
rameter that a user can choose before executing iteration. Since in the above example, we

have defined the error term

e(z®) = f(2®) = f(z.)

, then we stop when e(x(k)) < € holds. We have computed that the error sequence satisfies
e(z®) < (1—2)ke®) let’s finish our iteration at time k when (1 — 72)*e(0) < € is satisfied.

Then, we have
0
log (f(z< ))E—f(w*)>

log (1—22)~"

We say the number of iteration we need is

k>

1
k= 0(log ).

Also the number of iterations is proportional to log of initial optimality gap f(z(®) — f(z.).
One remark that we can make through this is that if the denominator term (log (1 — %) _1)

takes a huge impact on lower bound, then we use the method heavy ball method.

6.1.3 Backtracking

Recall that backtracking is given by o — a8 = o3> — - — a3%* where setting a*) = a3
satisfy the Armijo rule f(x®) +a® Az — f(2(*)) < oV f(x*N)T (o Az®) for 0 > o < 1.
Since we are dealing with gradient descent algorithm, i.e. Az®*) = —V f(z*)), Armijo rule
is modified as

7@ = a®V i) - f@h) < —oa®V i)

(k1)

For any non-negative number j, we can do taylor expansion on f(z*) + apiAz®)) =
F@®)+V ()T (ap Az®))+1(ap? AP TV f(20)) (B Az®)). Since we know we are
using gradient descent,i.e. Az*) = —V f(z(*)) and by assumption we have V f(z(*)) < MI.

So we have the following Taylor expansion with assumption inequality.

Maj?
2

2

Fa® + apaa®) - fa) < - (1 ) (07| [vs)|
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Now, let’s take a look at the coefficient of RHS of the above two inequalities: o and 1— M%'BJ
We know that 0 < o < 1 holds and as j — oo, 1_M%5”
that satisfies 1 — M%BJ

that 1 — M%Bl > o holds. Then we have two scenarios,

— 1. This means there exist j

> 0. Let p € NU {0} to be the smallest nonnegative integer such

1. If 4 =0, then « is small
2. if 4 >0 then 1 — %‘H < o is satisfied.

By armijo rule, «®) > a8* holds. Then Armijo rule provides the following inequalities

F@®D) = f(2®) < —oa®||V (")
—oaf! ||V f ("))

Now, we apply the assumption —||Vf(z")[|> < —2m(f(z®)) — f(x.)) and really that we
have defined the error as

e(x®) = fa®) = f(x.).

Then we have
e(2+1) < e(@®) (1 — capr(2m)).

Let’s say scenario 2 happens (u > 0), which means 1 — %/H < o0 holds. This leads us to
come up with

2(1-0)8
e

Plugging the above inequality into the error inequality, then we finally have

7016/1« <

o(k+1)

o er (- (2))

One important remark we can come up with is that if ¢ — 1/2 and  — 1 make the
backtracking method similar to the exact linear search method. Both case’s 8 is goes to
1—m/M.

Let’s wrap up what we have done between lecture 5 and the current contents.

H App. Quad. f \ Error e(®) \ Method \ Linear convergence rate \ Reference ‘
any f |z — 2,|| Constant step size 8= % Subsection |5.2.3
any f f(@®) = f(z.) | Exact line search (C -4(6)— 1) Subsection [5.2.4
f: strong cvx. | f(z™®) — f(x,) | Exact line search =1-1; Subsection 6.1.2
f: strong cvx. | f(z®) — f(x,) Backtracking B=1- (4 (1—0)B (%)) | Subsection|6.1.3

Table 2: Convergence rate for approximated quadratic function

6.2 Approximated quadratic function when f(z) holds convexity

6.2.1 Convergence rate

So far, we have looked up the convergence rate when f(z) holds strong convexity, i.e.

existence of m, M > 0 such that ml <

does not exist? Let’s focus on the case where V2 f(z) > 0 holds for all z.

20
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Definition 6.1 (little o notation). A sequence {e*)} satisfies limy, i(/—k; = 0, then

we say e(F) = o(%). This could be interpreted as 1/k converges faster than a sequence
{e®)}. We say if the

Theorem 6.2 (Sublinear convergence of convexity function). Assume that V2 f(x) 3=
0 holds. We define X, as a set of global solutions and assume X, is non-empty and

bounded. We also have the following additional three assumptions as follows:

L |[Vf(z) = V@Il < Lllz —yll.

2. 3¢ > 0 such that Vf(z®)TAz®) < —¢||V f(2*)]|? holds in case of gradient
algorithm z(*+1D = z(*) 4 o(*) Ag®),

3. a®) e [e, (2 — e)al®)]

Then, within above assumptions, all limit points of {x(k)} are optimal, and e :=

F@®) = f(z) = o(3)

Proof. Based on the preview theorem, we know that {e(z*))} — 0 as k — oo

6.2.2 When to stop?

holds. We can compute the iteration k that satisfies # < e, where k = O(¢)

One implication of above theorem is that e(*) = 0(%) holds. This means there exists g > 0
such that e®) < 4 satisfies. Then, let’s say we want to stop the iteration when eF) < ¢

1

€

H f: Strong convexity (m > 0) f: convex (m = 0) H
[ k= O(log1/e)(Subsection[6.1) &k = O(1/€) (Theorem [6.2) ||

Table 3: Iteration number of strongly convex and convex case

Let’s say we want to guarantee the accuracy of L digits, i.e. € = 107, Then m > 0

provides a complexity to a linear in number of digits (L) and m = 0 provides a complexity

to an exponential in number of digits (L).

7 Lecture 7

So far, we have talked about gradient method z(*+1) = z(*) — (M) f(2(*)). However, could
we do better than that? Let’s think about the following two acceleration methods: The

heavy-ball method and Nestrov’s acceleration method.

7.1 Heavy ball method

Let’s think about the following descent method.

(k+1) — (k) _ (R (k) (k) ( (k) _ .(k=1)
v 28 — a7 f(@®) 1 g0 (gh) — 5k

momentum
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where we could think the term z(*) —2(*~1) as momentum. If the stepsize a(*) and f*) are
constant as « and 3, then we call this Heavy-ball method.

7.1.1 Casestudy: quadratic function optimization

Let;s think about the problem of min %xTQx where @ > 0. Note that for the PD matrix, its
minimum eigenvalue m > 0. What we have shown in equation (5.2.3) is that using constant
step size for gradient algorithm yields the error bound as

e(zF+D) < c.d.(Q)—1
e(x®)) ~ cd(Q)+1

. For an acceleration method (Equation (7.1))), we will show that the error bound holds as

e(zF+1) c.d.(Q)—1

@) = Ved (Q) +1

for some choices of @ and 3. Comparing the upper bound between equation (5.2.3)), which

comes from the gradient method, and equation , which comes from the acceleration

method, provides an insight that the acceleration method could do better when the condition
number of @ is ill-conditioned. For example, if c.d.(Q) = 10, then the acceleration method
provides a much faster convergence rate.

Recall how we start the derivation of the gradient method in the Equation . Then
it is easy to come up with that this sort of acceleration method is good when V?2f(z,) > 0.

Note that the iteration number concerning error bound e does not change. This is because

k
when we compute the iteration number of k, we are doing (%) < € for gradient

Ved N\"
method and (\/%214_1) < ¢ for acceleration method. Therefore, in both cases, the

number of iterations is the same as k = O (log %) What the acceleration method improves

is the constant of O.

7.2 Nestrov’s acceleration method

Let’s think about the following alternative method

y(k) = x(k) + /B(k) (l'(k) — x(kil))

(8)
k1) = (k) oV f(y*)

The first equation of Equation is using intermediate parameter y*) and the second equa-

tion of Equation is applying gradient algorithm to an intermediate point y*). Assume

BH*) 1 as k — co.

Theorem 7.1.
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8

Lecture 8

8.1 Newton method

Theorem 8.1 (Newton-like method). Consider the algorithm z(*+1) = (k) 4
a® Az®) | We have the following assumptions.

1. Assume that {z(®} — z, where Vf(z.) = 0 (FOC) and V2f(z.) = 0 (SOC)
holds.

2. Assume that for Vf(z®*)) # 0 for all k£ and

o 1) — (V21 @) VIO

k00 IV FG®]

Let’s apply Armijorule by a = 1,0 < f < 1,0 < 0 < % Then the two following

holds.

1. It holds that

which means {z(®)} converges superlinearly.

2. Tt holds that there exists k& > 0 such that o) = 1 for all k& > %, which means
there is no reduction by Armijo rule after some time.

Applying the capture theorem to Theorem ({8.1]) guarantees the assumption of Theorem

is satisfied. To be specific, recall capture theorem (Theorem ) It guarantees
that if 2(9) is in a neighborhood of z,, then {z(*) — z,}, which guarantees the first assump-
tion of Theorem is satisfied. Now let’s applyAz®) = V2 f(z*)) =1V f(2*), which is
a newton method. Then, the second assumption of Theorem is also satisfied. Then

we can conclude the following theorem

Theorem 8.2 (Superlinear convergence of Newton method). Let’s assume () is
close to z, (Capture theorem holds). Then the Newton method has a superlinear

convergence.

The superlinear convergence of Theorem [8.2|does not mean that {z(*)} converges to z, as

extremely fast. 1t’s just slightly faster than linear. However, under some extra assumptions,

we can guarantee that Newton’s method has quadratic convergence as the following Theorem

B3l

8.2 Newton’s method when the initial point is close to the optimal

We

point.

first show when the initial point z(9) is within a set S5 := {z|||z — z.|| < J}.
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Theorem 8.3 (Quadratic convergence of Newton’s method). Assume that there
exist L > 0,m > 0,6 > 0 that the followings hold

1. (Existence of tensor) ||V2f(x) — V2f(y)||l2 < L||z — y||2 for Vz,y € Ss.
2. (Strongly convex) V2 f(x) > ml for Vx € S;.
3. (Small §) £2 < 1.

where S5 := {z|||z — .|| < §}. Then if the initial point is () is inside a set Ss, i.e.
2 € S5, then the following holds.

1. (Invariant set) z(®) € Ss.

2. (Quadratic convergence) ||z**+D) — .|| < L ||z®) — 2|,

Proof. proof by induction. Let’s first assume that 2. (Quadratic convergence) holds. Then,
it is easy to show that 1. (Invariant set) holds. Then, all we need to show is 2. (Quadratic

convergence). O

8.3 Newton’s method for arbitrary initial point

We then show for arbitrary initial point 2(%), how the convergence happens with perspective
as set Dy := {z||[Vf(z)|| <n}

Theorem 8.4 (Quadratic convergence of Newton’s method). Assume that there
exist L > 0,m > 0, M > 0 that the following holds

1. (Strong convexity) ml < V2 f(x) < MI for Vz.
2. (Existence of tensor) [|V2f(z) — V2f(y)||2 < L||z — y||2 for Vz.

Now, run Newton’s method with the Armijo rule such that « = 1,0 < § < 1,0 <
o < 1/2. Define two constants n = 3(1 — 20)”‘72 and v = o8n* . Now let’s define
a set D, := {z|||Vf(z)|| <n}. Then the following holds

L. If z®) ¢ D, then f(z*+1)) — f(z®)) < —.

2. If 2z € D,, then a® = 1 have quadratic convergence.

Remark 8.5 (Insight from Theorem [8.4). One important lesson from Theorem
is that o takes a role of the tradeoff between set size and iteration from z(©) to z(¥).
If o is large, then 1 becomes small and « becomes small. Note that from z(©) to 2(*),
it took iteration of M This means as 7 becomes small, then it takes a
large iteration to get to the set D but the set size n becomes large.
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8.4 Stopping criterion for Newton’s method

For Newton’s method, the stopping criterion is not ||V f(z(®)|| < e. Recall what we have
done to decide on stopping criteria in Subsection [6.1.2] and Subsection Instead, we

will use the following criteria:
1 -1
SVIEO)T (V@) Vfa®) < e (9)

Let’s take a look at where Equation @D comes from. Recall that the fundamental idea
of Newton’s method is just approximating f(z) with quadradic function. Think
about the Taylor expansion as follows.

Fa® 4 2a®) = @) + F@®)TAx® 1 L(8a) TV (a0 (22

Then if we take f(z®) + Az®)) — f(2(®)) and recall that Newton’s method uses Az(*) :=
—(V2f(2))"'Vf(z). Then we get Equation (@) = f(z*® + Az®) — f(2(*)). This means
Equation @D is a difference between f(z) and its quadratic approximation.

8.5 Number of iterations for Newton’s method

s ~

Theorem 8.6.

Number of iteration = iteration get to set D + iteration of converge inside D

< TEDTC) g g, (212

1
=0 (log log >
€

In Theorem note that loglog provides almost constant value regardless of e.

8.6 Newton’s method for nonconvex problem and arbitrary initial
point

Recall what we have done in Subsection [8.2] and Subsection 8.3 We have assumed that
strong convexity holds, i.e. V2f(x) = ml. Now, what if f(x) is nonconvex? Suppose that

V2f(x) = 0 does not hold. We can approach this with the following two methods:

Method1: Design corrected direction

Design A% such that A®) + V2 f(x(*)) = 0 holds and use it as
-1
Ax® = — (AW £ V21 ®)) T v fE®)
then we can show that Az(*) — 0 as k — co. However, the problem is we don’t know how

to design A,
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Method2: Trust region optimization

Recall that we can approximate the f(z*+1)) = f(z®*) + Az(*)) as follows,
1
F@® + Az®y = fa®) + V()T Az + i(Ax(k))TVQf(x(k))Ax(k).

Then rather than determining Az(*) that minimizes f(z*) + Az(®)), we solve minimizing

the approximation value as follows.
1
nAﬂn F(@®)) + V()T Az + §AxTV2f(x(k))Ax
We know that if V2 f(z(*)) # 0, the objective value have it minimum as —oo. This fact

reminds us that we should do a restriction to a local region, named trust region.
Within this sense, we would like to recall “S-lemma”

Lemma 8.1 (S-lemma). If the minimization problem is quadratic, and constraints

are quadratic functions, then the problem has zero duality gap.

Let’s utilize Lemma [8.1} Think about the following quadratic optimization problem.

1
. (k) (k)\T - T2 (k)
min T + f(z Az + —Azxz'V°f(z"") Az
i f( )+ f( ) 5 f( ) (10)
st. ||Az]] < 4®)

If we think the constraint as (Az)T Az < (y*))2, then we could say the problem [10|satisfies
Lemma So let’s move the constraint up to the objective function. Then we can say
problem [10]is equivalent to the following problem.

1
min F@®™) + ") T Az + iAa:T (v2 f@®) + 2)\(’“)11) Az (11)
Then we have the following optimal solution for problem [11f as follows,

Az, = — (v2f(a:<’<>) + zm)’l V(™).

Theorem 8.7 (Trust region optimization). If 7(*) is small enough, then
f@® + Az,) < f(z®).

Note that a®) =1 (no step size).

8.7 Intermediate Wrap-up
e Newton’s methods is second-order method since 2(*) depends on second derivatives.

e Comparison between second-order methods and first-order methods.
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H Method ‘ Second-order First-order H

Convergence rate | fast (loglog1/e) slow (1/e or log1/e)
Reference Theorem M Table |6.2.2|

8.8 Second-order is always better than first-order?

When we think about the complexity, it is composed of as following
Complexity = Iteration number x Complexity per iteration

Note that computing Newton’s method is much more expensive than the gradient method
due to Hessian. Note that computing a graident has O(n) complexity but computing a
hessian has O(n?®) complexity. This leads us to an important research question. Can we
design a first-order method that mimics the behavior of a second-order method? We call

this Quasi-Newton method.

9 Lecture 9

So far we have dealt with Newton’s method

20D — g _ o g2 ()17 f( ),

9.1 Quasi Newton method

The problem was that we needed a heavy computation to compute hessian. Then our natural
question would be can we approximate the hessian?. One way to estimate is by doing

as follows.
V2 (b (@ — 2W)) = V f(aBT)) — v f(2®)

One new algorithm we could come up with is that let’s say we estimate the inverse of Hessian
as D) and find the matrix D® as the following equation.

(k+1) (k1)) _ ()} = (k+D) _ 40
D o(NVf™ ) - ViE?) =g z

matrix

vector vector
Is this a well-defined problem? Let’s take a look at some cases:
1. If n = 1, then we can solve D*+1),
2. If n > 1, we have n equations and n(n + 1)/2 variables.

So we cannot find D1 uniquely. Then what if we find an optimal D®*+1)? Some facts

are

e DD can’t be too far away from D). This means that we have smoothness in

Hessian. n n
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This lets us compute D*) as an optimization problem as follows.
in||D — D)
min | o
st. D=DT (12)

D(Vf(x(k+1)) _ Vf(a;(k))) — pUet1) _ (k)

Note that |12 have a closed-form solution where D*+1) is a function of D). Let ¢(*) :=
V(®ED) — V(x®) and p*) := z*+D) — g(*) Then for any arbitrary D = 0, the

closed form solution is

DU+ — p) 4 (1 N (q(k))TD(k)q(k)> pP )T DFEG® )T + p* (g") TD®)

(PN Tq®) ) (pk)Tptk) (p() T q(%)
(13)

The equation is derived by BFGS rule and we call this method as Quasi Newton
method. A different way to understand quasi-newton (like the half-Newton method) is
that since finding D is an optimization problem, it’s not a unique estimate of (V2f)~1.
Therefore, we can say the following does not converge.

k:lggo D® A klggo V™)™
However, we can say that since we have started with 2(*t1 — 2(¥) to estimate Hessian, the
method just worked through directional derivative as follows,

lim —D®V f(z*)) — Jim — V2 [P f ()
—00

k—o0

Newton’s direction

9.2 Intermediate wrap-up

So far, what has dealt with Gradient method, Quasi-newton method, Newton method?

Note that the following only holds for strongly convex case.

H Method Algorithm Convergence rate H
1st order gradient alg. linear
1st order | quasi-newton alg. sublinear
2nd order Newton alg. quadratic

10 Lecture 10

11 Lecture 11

11.1 Algorithms for constrained optimization

min f(z)
zeR™ (14)
st.xeX
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11.2 Convex function

Definition 11.1 (Convex function). f(z) is a convex function if it satisfies (all
equivalent definitions):

e Zero-th order convexity condition: f(az+ (1 —a)y) < af(z)+ (1 —a)f(y) for
Vz,y € R" Va € [0,1].

e First-order convexity condition: f(y) > f(z) + Vf(z) (y — ) for Vz,y € R™.

e Second-order convexity condition: V2 f(z) = 0 for Vo € R™.

11.3 m—Strongly convex function

Definition 11.2 (m-strong convex function). f(z) is a m-strong convex function
if it satisfies (all equivalent definitions):

o V2f(x) 3= ml for Vo € R" where m > 0.

o () 2 (@) + Vi@ (y —2) + Flle — ][} for Va,y € R™.

global quadratic under-estimator

o flo+ (1~ ay) + gma(l o)z~ ylI* < af (@) + (1 - ) (1)

quadratic function

o (Vf(z) = Vi) (z—y) > mllz—y||? for Va,y.

monotone operator

For second bullet point, note that f(z)+V f(z) " (y—=z)+Z||z—y||3 is a global quadratic
under-estimator, namely, the function has some curvature depending on m. For the fourth

bullet point, note that its definition means V f(-) is a monotone operator.

11.4 Convex set

Definition 11.3 (Convex set). We define a set S as a convex set if ax+ (1—a)y € S

for any x,y € S and any « € [0, 1]. Namely, its segment is also in the set.

11.5 m—Strongly convex set

Definition 11.4 (m—Strongly convex set). We define a set S is a m-strongly convex
set if az + (1 — @)y + 2a(l — a)|lz — y||>2 € S for any z,y € S, any a € [0,1], and
any z where ||z|| < 1.

Note that the convex set is a segment and the m-strongly convex set is a boundary that
has a curvature. One equivalent definition of the m-strongly convex set is given as follows
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Definition 11.5 (Equvalent definition of m—Strongly convex set). For Vz,y € S
and for aVa € [0, 1], the ball B(az + (1 — a)y, %a(l —a)llz—y|*) eSS
—_——

center

radius

11.6 When f is convex, X is convex

Recall that in Lecture [2] we solve unconstrained optimization problem and derive FOC
(necessary), and SOC (necessary, sufficient). In this subsection, we derive similar property

as follows.

Theorem 11.6. Consider the problem min f(z) such that x € X where f(-) is a

convex function and X is a convex set. Then every local min is a global min.

Proof. to be continued. O

11.7 When f is arbitrary, X is convex

Recall that in Lecture 2] we solve unconstrained optimization problem and derive FOC
(necessary), and SOC (necessary, sufficient). In this subsection, we derive similar properties

for constrained problem when f is an arbitrary function and X is a convex set.

11.7.1 FOC necessary condition

Theorem 11.7 (FOC necessary). If X is a convex set and f(z) is arbitrary, and if
7, is a local min, then Vf(x,)" (z — z,) > 0 for all z € X.

Proof. to be continued. O

Note that in an arbitrary function f, we have a new term = — z, (Recall Theorem
for unconstrained optimization problem). Therefore, for further analysis, let’s define new

terms as follows. Before, let’s recall the definition of cone K.

Definition 11.8 (Cone). We define K as a cone if oz € K for Vo € K and Va > 0.

Cone of feasible direction, Fx(x.).

Definition 11.9 (Cone of feasible direction). For given convex set X and a point
T4, we define Fx(z,) := {Az | Az = a(z — z,)} for some @ > 0 and z € X.
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Tangent cone at x,, Tx(z.).

Definition 11.10 (Tangent cone at x,). For given convex set X and a point z,, we

define Tx (z.) := {Az | Az = 0 or I{z®}2, C X s.t. ) £ z,, limp_y00 2*) =
. ) _

Ty Mgy o0 02T = TTaRT S

—z||

Normal cone at z,, N.(x,)

Definition 11.11 (Normal cone at x., Nx(z.).). For given convex set X and a
point ., we define Nx (z.) := {Ay | Ay" Az <0, VAz € Tx(z4)}

Within using the above definition, let’s take a look at how the FOC could be rewritten

Vi) (z—2.)>0, Ve e X
———
X

— Vf(z,) Az >0, YAz € Fx(x.)
= V@)

take limit for a sequence {z(k)}

= Vf(z.) Az >0, VAz € Tx(x.)
< —Vf(z.) € Nx(z.)

Note that for unconstrained problem, i.e. X = R", then Nx(z.) =0, so V f(z.) = 0. Now,

using the definitions of cones above, let’s come up with a geometric intuition of FOC.

“ There is no feasible descent direction”. “The optimality implies that there is no feasible

descent direction”.

Note that if X is non-convex, then the above statement is not true. there exists = that
satisfies Vf(z.)" (z — 2,) < 0. This violates FOC. So Vf(z,) " (z — z,) > 0 for Vo € X

does not work.

However, it is easy to check that Vf(z,)TAzx > 0 works for VAx € Tx(z,). This

observation leads us to SOC’s necessary condition.

11.7.2 SOC necessary condition

Theorem 11.12 (SOC necessary condition). Assume X is a context set and f is a
arbitrary function. If x, is a local min, then AxTvzf(x*)Am > 0 holds for VAz
such that Az € Fx(x,) and Vf(x,)" Az = 0 holds. ??

Note that the above condition could be regarded as restricted Hessian.
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Theorem 11.13 (SOC sufficient condition). Assume X is a convex set and f(x) is

arbitrary function. z, is a local min if it satisfies
1. FOC

2. AxTV2f(z,)Az > 0 for VAx such that Az # 0, Vf(z.) Az = 0, Az €
Tx(l‘*)

77

12 Lecture 12

12.1 How to solve a constrained optimization problem?

Since this lecture started, we have been interested in solving the unconstrained problem
min f(z). So we derived FOC, SOC condition in Lecture Then we came up with how
to solve it by the gradient method, Newton method, and coordinate gradient method. In
the same sense, starting from lecture 11, we have dealt with how to solve constrained opti-
mization problem. Then, we have come up with corresponding FOC, and SOC conditions
in Lecture [[1l How we are concerned with how to solve it.

First, recall the problem setting as follows.

min f(x) < arbitrary function
s.t. * € X « convex set
We are utilizing the descent algorithm as
2R = 2 (B) 4 () AL (R)
. Note that Az(*) is a feasible direction, i.c. Az(F) € Fx (). Recall the definition in

Lecture Therefore, to choose a good direction, note that Az(*) should satisfy following

two properties
1. (Feasible direction) Az®) € Fx (z*))
2. (Descent direction) Af(z*)TAz*) <0

One possible choice that we can make is Az®) = z(*) — 2(*) for any point z(*) € X . Since
#*®) € X, then we can conclude that Az®) € Fx (x(*®)) holds.

Then, we have 21 = z(*) 1 o®)(z(k) — 50y = (1 — o®)z*) 1 oF 7Kk Since
z®) 7z ¢ X then 2*tD) € X since X is a convex set. Now, how to find a(¥)?

1. Limited line search : find a® : min, f(z® + aAz®) such that 0 < o < 1.
2. Constant stepsize a®) =1

3. Armijo rule
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12.2 Frank-wolfe

Frank-Wolfe method is a conditional gradient method. It finds the most descent direction
which is feasible direction. It finds the next point 2(*t1) by solving the following optimiza-
tion problem.
min f(z®)T (2 — )
! (15)
s.t. x € X < compact set
then we let the optimal solution z* as (*) and let Az*®) = z(®) — z(*) Note that we need

a compact set assumption to make sure Z(*) is not infinity.

e insert figure

12.3 Remarks on Frank-Wolfe’s complexity

However, the problem is that to find Z(*), we need to solve additional optimization subprob-
lems. Please note that the most expensive part of the iteration update is solving for z(*). If
solving the suboptimization problem takes a long time, then this method is not helpful.
Hopefully, note that the suboptimization problem ’s objective function is linear to x.
This means that X has a nice structure that allows us to compute the closed-form solution.

Example 12.1. Let we are solving a min f(z) over a simplex where X := {x | z >
0,>% , x; = r. Then suboptimization problem is given as

min —8f(x(k))

k

n
s.t. E T; =T,01, - ,Tp >0
i=1

The closed form solution of above problem is zﬁ’“), e ,a‘cE-k_)l, a’c;-ﬁ)l, e ,fflk) =0 and
_(k . . af(z®
xg ) = r where j = argmin;_; .. , %

12.4 Convergence

Now, let’s talk about convergence. Recall we are handling z(*+1) = z(*) 4 o) (z(#F) — z(k)
where () € X. We need to make sure that () —z(*) that is descent is not asymptotically
orthogonal to Af(x(®)). This means that {z(*) — 2(*)} should be gradient related (Defi-
nition . Just recall the definition of gradient-related. That means for any subsequence
{z(®}k € K that converges to a point that satisfying FOC,

e The corresponding sequence {Z*) — z(F)}, < is bounded

o limsupy o pexc V(@) T (@0 —20)) <0

Theorem 12.2. If {z(®) — 2} is gradient related and o®) is designed based on
limited line search or Armijo rule, then every limit point of {z(*)} satisfies FOC. We

call that point a stationary point.
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12.5 Frank-worlfe: gradient related

Theorem 12.3. Frank-Wolfe method guarantees gradient-related directions.

Proof. suppose {x(’“) trek converges to a non-stationary point Z. Recall the gradient-related

definition (Definition . We need to prove the following:

1. imsupyeqo kex H:E(k) - w(k)H < o0

2. limsupy_, o pex VS (@®)T (@R —2®) <0
Ist point is true since (), z(*) € X and X is a compact set. For the 2nd point. Note
that z(*) is the optimal point. so Vf(z®)T(z*) — 2(*)) < vV f(x* )T (x — 2(*)) holds for

Vz € X. Now, take a limit on &k — oo, k € K, then we got

limsup Vf(z®)T(@® —2®) < V@) (z - 1), vz e X.

k—oo,ke K

Since T is not a stationary point, there exists y such that
V@) (y—2) <0

holds. Therefore, we got

limsup Vf(z®*)T(@® —z®) <0
k—o0,keEK

12.6 Frank-wolfe: find stationary point

Theorem 12.4. Assume ||V f(z) — Vf(y)|| < L||z — y|| holds for Vz,y € X.
We don’t need to use the Armijo rule or Line search. Just pick o) =

(BT (5(5) _ (k)
min {1, vf(zllj)(k)(fm(wf )}. Then, every limit point of {z(®)} is a stationary point.
Proof. To be continue O
O

12.7 Frank-wolfe when f is convex
Before, let’s define how hard the problem is to solve. Intuitively, it’s related to how large

our compact set X is. So we define the diameter of set X as follows.

D := max ||z — y||

)
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Theorem 12.5. We are solving a constrained problem: min f(z) where 2 € X that
X is a compact set. We are using an iterative method as z(F*1) = z(®) 4 o (%) (z(k) —

(M) and compute z(*) by an Frank-wolfe method. Assume
1. f is convex
2. |IVf(z) = VWl < Ll|lz — y|| for z,y € X
3. Let D := max, yex ||z — Y|

o 9 9 A
Suppose we are solving unconstrained problem. Now, set stepsize a(*) = TR Then

we have

2LD?
<

= Vk
—k+2’v

which means to guarantee f(z(®)) — f.e, we need

fa)-f.-0(3)

€

complexity.

Proof. First, use that ||V f(z) — Vf(y)|| < L||z —y]|| for z,y € X imply that the function is
upper bounded by the quadratic function which its coefficient is L (Assumption 2). That
is
Fla®+Dy = f (Iw) +a®(E® x(k)))
. (16)
< f®) 4 VT (a(k) (@ — N))) +3 Haw) (@ — x(m)H
holds. Also, since the #(¥) is the minimizer of V f(z*)) T (z(*) —z(*®)) for 2 € X, the following

V)@Y - 2®) < V)T (@, - 2) (1)

holds where x, is the optimal solution. Also, due to the convexity of f(z) (Assumption

1), we have
Vi) (@ —2®) < flao) - feV) (18)

Now, combine Equations ,, and , we have the following (Assumption 3)

FEO) < J@®) 10 (£, — f@9)) + Z(@®)? ||z — o]
L
< SG®) + (1.~ f@0) + 5 ()2
Arrange the above inequality as follows.

FEO) = fo < (1= a®)(@) - £+ £ (@0 ||o - ][
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Now, choose a(¥) = 24% By induction, we have

F®) — f, =0 (1/k)

or iteration complexity as O (1/¢) O

13 Lecture 13

Let’s wrap up what we have done so far.

H ‘ min f(x) min f(x) s.t. z € X H
f convex O(1/€) (Theorem [6.2) O(1/€) (Theorem [12.5))
[ strongly convex | O(log (1/€)) (Subsection [6.1) ?

One guess that the iteration complexity for the contained problem when strongly con-
vexity holds is that it can’t be better than O(log (1/€)). The following theorem tells us the
lower bound of iteration complexity exists for this case.

13.1 Frank-wolfe: when f is strongly convex

Theorem 13.1. There is a class of problems where f(z) is quadratic & strongly
convex, and set X is described by linear inequalities such that the sequence generated
by Frank-Wolfe satisfies

1
f(x(k))_f* > Tite’ Ve >0

and infinitely many values of k.

. J

Then, how can we attain some reasonable iteration complexity? In the case of X being
a strongly convex set, we will show that Frank-Wolfe attains O(log (1/¢)) complexity in the
following theorem.
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13.2 Frank-wolfe: when f is convex & X is strongly convex

Theorem 13.2. Assume

1. f is convex.

[\

. mingex ||Vf(z)|| >0
3. |IVf(z) = VI < Lz — y|| for 2,y € X
4. X is a strongly convex set.

Then, if the stepsize is constant and small, we could guarantee linear convergence
for the Frank-Wolfe method. Namely, the iteration complexity is

o= (2))

Remark 13.3 (Remark on Theorem [13.2]). Theorem doesn’t require f(z) to
be strongly convex but an optimization sub-problem should be solved O (log (%))

times.

Proof of Theorem[13.2. Recall the definition of a strongly convex set (Definition[11.3)) (Assumption
4). Then set o = 1/2 where a is defined in Definition Then we can say

1 1 1 1 1 2
R B () R (R H (k),—(k)H <
5% + 57 + 55 <1 2) x z ze X, ||z]| <1 (19)

o)

holds. We let the LHS of as y®). Also since we are using the Frank-Wolfe method, we

can say
V)T (@ - a®) < V)T (" - o) (20)

holds by its definition that Z(®) is the optimal point. Now, pick

V(™)

TV

Let use define the constant C' := min,c x ||V f(x)|| (Assumption 2). Insert y*) of Equation
into the Equation , then we got

V(@) T (70 — 0y < %W(x(my (Eoc) _ x(k)) _ %C Hjm _ x(’@HQ (21)

Also, note that the following inequality holds.
VD)@ —a0) < V)T (" - a®) (22)
< fla) = f(@®) (23)
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Inequality comes from the definition of the Frank-Wolfe method and Inequality
comes from the f convexity assumption (Assumption 1). Combine Equation and
Inequality (23)), then we have the following inequality.

@) (20 — o) < % (f(x*) B f(x(k))> _ %C Hj(k) _ gg(k)H2 (24)

Also, by Assumption 2, the function value f(z(*+1) is bounded by quadratic function

(quadratic over-estimator) as follows.

Fla®DY — f < f@®) = £+ V)T (aw)) <fck> _ x(k)> 4 g Haw) <f<k> () ‘

(25)
Finally, combine Inequalities and , then we have
k k
£ = £, < (@) - £.) (1 - ‘“(2)) —[[ot | attr | Lo mE
— ——
1 —_— —_—
elktD) (k) TermI
(26)

Note that Term I of Equation is positive if a(®) = a(constant)=small. Then, if TermI

is positive, we could say

ek D) < o) (1 _ %)
where 1 — & € (0,1). So this is linear convergence (Definition and Theorem .
Recall that if linear convergence holds, then it guarantees O (log (1/€)) (See Subsection

how linear convergence is related with log iteration). O

13.3 Gradient Projection method

20D — (B L o) (70 _ (8

) — py (x(k) _ S(k)Vf(x(k))> (27)

Note that %), s(¥) are step sizes, Px is a projection operator. We define projection operator
Px as

Px(y) = argmin ||z — y||*.
zeX

Basically, Px conducts a minimization over a quadradic function over X. The basic idea is
that we use the gradient method on z*) to find a better point with respect to f() It may
not be feasible, so we project it onto X to get a feasible point Z(*), and then get a feasible
direction z*) — 2,

Note that the projection constraint could be rewritten as follows,

k) = ar;ger)r;in (‘ ‘x - (x(k) - s(k)Vf(x(’“))>H2> (28)
= argr)r;in (‘ ‘x — x(k)Hz + QS(k)Vf(:r(k))T (x — x(k)) + (s(k))2 HVf(x(k))HZ) (29)

ze
— argr)r;in (251(@ Hx — 9C(I€)H2 + Vf(x(k))'l' (;[; — x(k))> (30)

ze
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Look at the Equation This allows us to interpret the Gradient Projection method is
actually a Regularized Frank-Wolfe version. To be specific. Compare two methods as

follows.

Frank-Wolfe : mingex (Vf(z®)7 (z — 2))
Gradient Prjection method : minge x (Vf(x(k))T (z— :U(k)) + 231<k) Hx — (k) ‘ ‘2>

13.4 Remarks on Gradient Prjection method’s complexity

However, there is also one problem (as we have talked in previous subsection [12.3} to make
Gradient Prjection method to be useful, the suboptimizatio problem (solving quadratic
optimization problem over compact set X) should be much easier than solving original

problem.

Example 13.4. Let a compact set X :={z | a; <x; <b;, i=1,---,n}. Then it
is easy to check that projection operator Px (y) has a closed form solution as

a; if y; < a;
™ entry = { b; if y; > a;

yiifa; <y, <b;

13.5 Special case: Projected Gradient method

Recall the method . When o) = 1, then we have z(*t1) = z(*) = 1 which makes
shrinkage to the following method

g+ — Py (x(k) _ s(k)Vf(z(k))> (31)

What this implies is that we are using regular gradient method, but whenever the point

gets outside of the sets, the algorithm projects it back into X.

13.6 Properties of projection operator

To do some convergence analysis, let us first investigate some mathematical properties of

projection operator Px (y).
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Proposition 13.5 (properties of projection operator Px (y)). The projection op-
erator Px(y) := argmin,cx ||z — y|| where X is a compact set has the following
properties:

1. Px(y) is unique.
2. z is projection of y on X iff (x — 2)T (y — 2) < 0 for Vo € X.

3. For y1,ys € R", it holds that

[Px (y1) — Px (y2)

| < lly1 — w2l
4. FOC of constrained optimization problem (Theorme is same as

Px (xx — sV f(xs)) = x4

. J

Let’s prove the 4th property of Proposition Recall the FOC of constarined problem
is that for a point x., Vf(x.)" (z — x.) > 0 holds for Vo € X. This means

—sVf(x.)" (x— ) <0
holds for Vx € X and any arbitrary s > 0. This could be rewrited as follows.
((ze — SVf(l’*)T) —z) (@ —2,) <0

Then by 2nd property of Proposition regard y = (2, — sV f(z.)") and z = z,. Then
we have

Px (zs — sV f(zy)) = xs

Lemma 13.1. By property 4 of Proposition the Gradient projection methods
stop if and only if the algorithm finds a stationary point.

13.7 Step size of Gradient projection method

As we have discussed in Subsections [2.3] and [3.1] stepsizes of gradient projection method

also could be found by following method. Just note that we have additional step size s(¥)

beside o(F).
1. Limited line search

e s(F) = g = constant

o alF): mingefo,1] f® 4+ a(z®) —2F)).
2. Armijo rule along the feasible direction

e s(F) = g = constant

e 0P 15862 = st fla®t)) — f(2®) < ga®V f(F)T () — 2#)
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14 Lecture 14

14.1 Convergence analysis of gradient projection methods (Quadratic

function)

Let’s investigate convergence rate of projection gradient method (Equation ) when f(z)
is quadradic function. We investigate the following problem

1
min ixTQx —b'z, Q>0

(32)
st.zeX
Let us assume that a(®) =1,5%) = s. Then we have constant step size of s as follows.
g = py (ac(k) - sz(x(k))) (33)

Then, let us define error e**1) := ||z(k+1) — g ||. Then we have
o@D g = ||Px (+© = sV (@) = P (. = sV ()|
< H(x(k) — V(W) = (2 — Svf(x*))H

Thefirst and second inequality holds by the property 3 and 4 of Projection Px operator
(Proposition [13.5). Then, since our f(x) = %xTQx — bz, we have Vf(z) = Qx — b.
Therefore, we have

< max{|1 — Aumin(Q)], 11 = Amax (Q)[H|2*) — .|

e — ) < || - @) @) — a2)

Note that further analysis is same as what we have done in unconstrained optimization
problem (Subsection [5.2.3). Therefore, if we optimizae over s, then we have

e(k+1) ced(@ -1
e ~ed(Q)+1

Then, what’s the difference between unconstrained (subsection [5.2.3) problem and con-
strained problem (Subsection [14.1))? The main difference is that we have to compue gradient
for unconstrained problem, but we have to additionally solve optimization subproblem at

every iteration for constrained case.

14.1.1 What if c.d.(Q) is large?

We can change the variables as
2" Qr = (QVx)1(Q )

Let y® = Q'/22(®). Then, let’s say we are solving min, f(z) — min, h(y) where h(y) =
f(Qfl/zy) and the constraint x € X — y € Y. Then, we can rewrite the gradient projection
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method on y (Equation (27)) as follows.

yFtD) = (k) a(k)(gj(k) _ y(k))

(34)
7* = py (yac) _ s(k)Vh(y(k)))

where Y = {y | Q~/?y € X}. Now use that ) = Q=1/2y(k) z(¥) = Q=1/25(F) Then we

can write exact transformation of Equation as follows.

2D = 2 g o (B) () _ ()
(35)

1
7® = argmin ( VF(z) T (z — 2®) 4+ —<(z — 2®)TQ(z — 2®)
zeX 2s(k)

Recall how we derived Equation for the derivation of Equation If the new condition

number is 1, then Equation |35| guarantees convergence in one iteration.

14.2 Convergence analysis of gradient projection methods (general
function)

Let’s go to the convergence analysis of general case. Let’s recall that we are solving con-
straneind optimization problem min f(z) over z € X. We have changed the value to and

we solve it using the gradient projection method as
D) = ) 4 o (F)(z(R) _ 5k

2*) = py (x(k) _ s(k)Vf(m(k)))

The projection term could be rewritten in a closed form (recall Equation ) as

2D — 0 4 o (B) (30 _ ()

1 ) 36
z® = argmin (Vf(x(k)>T(3? — ) + m(m — ™IV f(2®) (2 - x(k))) )
zeX

Let’s think about some special case where o) = s(¥) = 1. Then we have

k+1)

P = arg min <Vf(x(k))—r(x — x(k)) + %(x — w(k))TV2f(x(k))(x _ x(k))> )

rzeX

This is same as just minimizing over the direction Az*) = z — z(*) Recall that Equation

126l is same as
nAlin quadratic approximation of f(z® + Ax)
v (37)
st. Ar=z—2% zeX
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Theorem 14.1. Consider the constrained optimization problem

min f(z)
st. x e X
and we are solving it using gradient projection method as
kD) — (k) 4 a(k)(j(k) _ x(’ﬁ))
z*) = py (ch) _ sy f(xw)))

If we use Armijo rule or Limited line search for a*) and pick s*) to be arbitrary

positive constant, then every limit point of {z(*)} is a stationary point (FOC).

Theorem 14.2. Consider the constrained optimization problem
min f(z)
st. ze X
and we are solving it using gradient projection method as
kD) — (k) a(k)(i:(k) _ x(k))
z®) — Py (x(k) _ sy f(xw)))

If we use pick a®) = 1 and s(*) based on Armijo rule, then every limit point of {z(¥)}

is a stationary point.

Theorem 14.3 (Projection gradient method). Use the algorithm 2(*+1) = Py (2(F) —
sV f(x®)) to solve constrained problem (which is special case when a(®) = 1).

Assume that
o [[Vf(z) = VfWIl < Ll|lz — yl| for Vz,y € X.
. O<s<%

then every limit point of {#(®)} is stationary. Note that this is similar to Theorem
4. Ol

Proof. Recall that we have z(**1) = Py (z*) — sV f(x(*®)). Then by second property of
Proposition We have the following inequality

(z — oD )( (m(k) - sz(x(k)> — g+l ) <o0.

z z
Yy
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for Vo € X. Now, since z(**1) € X for Yk > 0, let z = 2(®) then we have
1
(RNT (o (k1) _ (k)Y « _ 2 (k1) _ (k)2 38
V™) (x ) < ——|le | (38)

Also, note that Lipschitiz continuous assumption on the gradient means that the function

f is upperbounded by quadratic function whose coefficient is L as follows (Assumption 1)
L
F0) < @) + VST @D - @) 4 2t B2 (g9)

Combine Equations and (9], then we have

f(x(k+l)) _ f(x(k)) < <§ _ i) Hx(k-ﬁ-l) _ x(k)H2 (40)

Note that the coefficient é — % < 0 since s < % (Assumption 2). Then we have
Fa®D) < fat)

for all £k > 0. Now, consider a subsequence corresponding to a limit point of {x(k)}z’;l, i.e.
{ac(k)}ke;( — x4+ where z, is a limit point. Now, as k — oo, the left side of inequality
goes to 0, and the right side of inequality is < 0. This means the RHS of inequality
should also convergres to 0 as k — oo. This means z(*+1) — 2(*) — 0 which also means

Px (.%‘(k) - sz(x(k))) — 2™ 5 0as k— oco.

Take the limit then we have

Px (. — sV f(zy)) = xs

where z, satisfies FOC. O

Theorem 14.4 (Convergence rate of projected gradient method). Use the algorithm
z*+) = Py (2®) — sV f(x*)) to solve constrained problem (which is special case
when a(F) = 1). Assume

1. V2f(x) = mI where m > 0 for Vx € X.
2. [[Vf(z) = Vi)l < LIz — yl| for Va,y € X.

Then, the optimal convergence rate of error is given as
m
le®D —z|| < /1 - T l®) — |

when s = % (optimal means optimal upper bound — min max). Note that L contains

the information of “ compact set of X” so, we could regard + = ﬁ

Proof. 1f s = 1, then we have

) = Py (x(k) — ivf(x(k)))
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. Then by second property of Proposition [13.5] we have

((x®) — %Vf(ac(k)) — kN T (g — Dy <0 Vo e X
Now, pick x = z,, then we have

V)T (D) —z) < L(z® — k)T (kD _ ) (41)
Also, we have

0

IA

Fa®HD) = f ()
= f@") — @) + (&™) - f(x.)

A B

< V)T @8 — o) 4 2 - W2 4T fEO)T (@~ g) - Tla® |

quadratic over estimator of A quadratic under estimator of B

< VHW)T @ = 2) + 2]t — 2O - 2 - 0]

Now, use Equation and we have
L
0< LE® — 20+ (@4) ) 4 s 0 M _awe

Now, let w+D) .= g(k+1) _ g p(*) .= 2(k) — 2 and define the error term as

e+ = |2+ D) — g |

Then, we have
L m
0< —|\w(k+1) — w(k)||2 _ *Hw(k)H + L(w(’“) _ w(k+1))'|'w(k+1)
=35 5

= (£ - T)(e(k))2 _ E(e(kﬂ))g

2 2 2

e(k+1) <, ]1-— % e(F)

Therefore, we finally have

O
14.3 Proximal algorithms: nonsmooth optimization
Let’s think about the following problem setting.
min f(z) — convex function
(43)

s.t. x € X — convex set
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Now, what proximal algorithm do is adding a quadratic term when updating the function.

1 2
Y = arg min (f(:v) + 20 Hx —z® H ) (44)
zeX o

proximal term - it regularizes & with respect to z®)

So what’s the point of adding quadratic term? The followings are the main ideas of its
advantage

1. If f(z) is not twice differentiable,

1 - 1
\v&d (f(x) + o0 ||z — x(k)|2> - (gggelg (V2f(:r)) + oz(k)> I, Vx e X.

Note that o®) makes the objective strongly convex even if f(z) # strongly convex,
which means ming¢ x eig (VQf(x)) =0.

2. Assume f(z) is not differentiable. Let us define Moreav envelop as follows.

: 1 2 n
My ¢(z) == zlg"( (f($)+2a||ac—z| ), a>0,zeR" (45)

Also, later on we will define Prox operator as follows.
: 1 2 n
Proxq, s(z) == argmin | f(z) + —|jlz —2||° ),z € R (46)
zeX 20

Note that z € R™ not z € X.

We first go over some properties of Moreav envelope as follows.

14.4 Moreav envelope

The followings are the properties of Monreav envelope M, f(z), z € R™. Recall that we
have defined Moreav envelope in Equation .

1. M, #(%) is convex and differentiable with Vz € R".
(proof) Note that if we let

1 2
o, 2) = F(x) + =l ]
then g(z, 2z) is jointly convex in (z,z). Then since

Ma,f(z) = inf g(z,z)

reX

and g is jointly convex and we are minimizing over convex set X, therefore M, ¢(2)

is convex set.

2. Prox operator: we let its optimal solution as

Prox,,s(z) = argmin g(z, 2).
reX
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Then, Prox,, f(z) exists and is unique at every point z. For shorthand notation, we
write as

Prox,, r(z) = z(2).

3. Take minimum over x and take derivative w.r.t z is same as take derivative

w.r.t z and insert argmin z solution. Namely,

V.Mq f(2) = Vzg(x,z)| (47)

r=x(z)

holds.

This is the same as saying

0 . 0
5 (wipote0) = Lotwa|

zZ \zeX

Let’s think about the special case where f is differentiable and X is the entire space.
Then min g(z, z) goes to V,g(x,z) = 0 since this is unconstrained problem, then we
have V f(z(2)) + % = 0. This could be also translated to

VM, f(2) = V[(proj, (2)), vz € R"

This means same derivative with only change point z — Prox(z)

4. Moreav envelop is under bounded by constant and upper bounded by func-
tion as

inf f(2) £ Mag(2) < f(2), V2 € X.

holds. The proof is simple. First recall the definition of Moreav envelop (Definition

as follows.

Note that first inequality holds by the definition of Moreav envelop, and the second
inequality holds for any z € X C R™. Also, we have the following,

5. set of minima of min f(z) such that x € X = set of minima of min M, ;(z)
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such that z € R™. The proof is simple,

min My ;(2) = min (min (f(m) + Lo zll2>)

z€Rn z€R™ \z€X 2a
. 1 2
— miy (@) + g llo - #I1)
z€R™

. . 1 9
— iy (in (760) + ol =217 )

= min f(z)

The last inequality holds when z* = z. Therefore, we can say if z* is the min of f(x)

over X, then z* = z*.

15 Lecture 15

Example 15.1 (Huber function). Let’s take an moreav envelope when the original
function f(x) = |z| where z € R™. Using the definition of Moreav envelop (Definition
45]), we have

Mo g(o) =it (1] + 5l - ?)

=22, |z| < o — Quadratic

|z| = 5, |z| > o — Linear

we call this Huber function.

Therefore, let’s just recap what we have done so far. We have the problem min f(z) such
that « € X and we know z*+1) = argmin, . v (f(z) + sy ||z — z(®|[2) and note that we
have rewritten this as

D) = PrOXa(k)’f(.'I;(k)). (48)

Recall the Definition of prox operator at equation (46]). Now, if we use the Equation
(47), we can derive the iterative algorithm to solve optimization problem (Equation )

as the following iterative process.

sza,f(Z) = Vzg(xv Z)|

x(z) — z

r=xz(z)

(%

Now, if if z = (), then we have z(*+1) = x(2). Plugging in that into above equation, we

have the following.

2() _ p(et)

VZMOLJ(Z) = a(k)

Therefore, if we assume the constant step, then the optimization problem (Equation =
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Equation ) could be solved by the following iterative process.
gt = o) _ v, (x®) (49)

So, what is the message?

Remark 15.2 (Nonsmooth optimization — smooth Moreav envelope optimization).
Iterates of Proximal algorithms on possibly non-smooth f(z) over X are the same
as iterates of gradient algorithm on smooth M, f(x) over R".

Now, let’s go back to the algorithm

1 2
#*+1) = arg min (f(:z:) + 5a®m H:z: — x(k)H )
z€X «

Now, let us define v*) = minge x (f(2) + 52|z —2*||?). Then, consider two functions

1. f(x) over X.
2.9 - ﬁ”x—w(k)HQ over set X.

Then, v*) is smallest v such that two functions 1. and 2. intersects. See Figure [1| for
details.

< \ /

&
7 >

Figure 1: Two functions intersects at z = z(5+1)
Now, define two sets as follows.

Cy = {(z,w)|f(z) <w,z € X,w e R}

1
Gi={@wllw <7® = g lle —2®IP.w € R™ w e R)

Then, we can say C; N Cy = () since Cy,Cy are stict inequality and C7,Cs are convex

set. Therefore, there exists a separating hyperplane where normal vector is

k) _ .(k+1
V(1 ® = Ly o) ’ _ 2 — oy
204(k) r=xg(k+1) a(k)

now, since C is above the hyperplane, so its boundary f(z), we have the following theroem

49



vosA

Figure 2: f(z) have a lower bound with affine function.

Theorem 15.3. Think about prox algorithm as

1 2
(k1) — : ( _H _ (k)H)
T arxger)réln f(z)+ SN0 rT—x

Then, the following holds

1

T (z® — gBRFDYT (k) _ g (k+1))

f(@) > fa®) +

for Vx € X.

15.1 Convergence of Proximal algorithm

Still, we are interested in solving the proximal algorithm as follows,

1 2
x ari;emln f(il?) + B ®) xT x

Now, we define

fu = inf f(x)

rzeX

X, = set of minima of f(x) over X

We note that X, might be empty and f, also could be —oco.

Theorem 15.4 (Proximal algorithm converges to original problem). Consider Prox-
imal algorithm (Equation (44)). Now, pick a*) such that Y5 ;&) = oo, then

O f(x(k)) = fu

o If X, # empty, then {z(®)} converges to a unique point in X,.
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Figure 3: distance function

15.2 Convergence rate of Proximal algorithm

100 " |z| has a fast growth around origin. 22 have

Think about three examples |z|, 22, and
a moderate growth around origin, and z'% have a slow growth. To define its convergence

rate, we define distance function as follows,

d(z) = Ilngf [lz — 4]l

* *

Note that the definition of distance function is the projection on X, and finding the

distance.

~

Theorem 15.5. Assume that X, = non-empty set and there exist 36 > 0,§ >
0,7 > 1 such that f, + 8(d(x))" < f(x) for Vo € X such that d(x) < . Also, for the

proximal algorithm as

1 2
g+ — arg min (f(at) + 50 Hx — x(k)H )
zeX (6%

Assume that > 70 ; a®) = oo holds. Then

d(x(k+1)) _’_Ba(k)(d(x(k-i-l)))'y—l < d(x(k))

holds all large values of k if z(*+1) ¢ X, .

For example, let X, as a single point z, €. Then, the distance function d(z) = |z — x;
and the condition could be simplified into the following equation Bz — x.|7 < f(z) — f«
holds for local region where x — x, <.

Let’s take a deeply look at Theorem [15.5

Casel : 1 <~ <2 and z® ¢ X, for Vk

A@®) 2 (@) + G (@)
> Ba® d(zk+H)r—1
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Then we have
d(x(’“‘l) )

limsup ——*
P a0y

If o) > a positive constant for Vk, then superlinear convergence is guaranteed.
For example, if v = 1.5, then quadratic convergence is guaranteed.

Case2 : v =2 and z®) ¢ X, for Vk.

Then we have

d(l‘(k)) > d(:c(kJrl)) +ﬂa(k)(d(l,(k+l)))2fl

and

16 Lecture 17

16.1 Lagrangian function

We define a lagrangian function £ : R"*™ — R as
L(z,\) = f(z) + Y Nihi(x) (50)
i=1
Note that feasibility and FOC and SOC satisfies the following
1. (Feasibility) VaL(xx, Ax) = 0.
2. (FOC) V. L(z4, ) =0.
3. (SOC) Az V2 L(z4, M)Az >0, YAz € V(z,).

Note that Feasibility and FOC condition is satisfied, then we could say that (z., \s) is a
stationary point for L£(z, A). If m > 1, (x4, \s) os mpt a :pca; ,om nit a saddle points Note

that Feasibility and FOC is n + m equations and n + m unknowns
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16.2 SOC sufficient

Proposition 16.1. Consider a point x, and assume 3\, such that
1. VoL(zs, ) =0
2. VaL(zs, M) =0
3. ArTV2 L(2., M)Az > 0 for YAz : Az # 0 where Az € V(x.)
Then, 3y > 0,e > 0 such that
f(@) 2 f@) + Slle —z.IP
local quadratic function lower bound

for Vo : h(z) =0, ||z — x| <e.

some remarks on SOC sufficient proposition.

Remark 16.2. Some remarks on the above SOC
1. SOC implies z, is a strict (isolated) Local min — Local strong convexity.

2. It doesn’t require z, to be a regular point.

Before starting the proof, we need the following lemma

Lemma 16.1. Let P, @ be n X n symmetric matrices such that
1. Q>0
2. P is positive definite on the null space of @, i.e. ' Pz > 0 for Yz : Qz = 0.

Then, there 3¢ such that P + c¢Q > 0 for all ¢ > ¢

. J

Proof. By contradiction, we assume H{Ck}zozl such that ¢ < cy < -+ < ¢ — 00 and at a
time k the inequality violates, i.e. P+ cx@ # 0.

P + ¢;@Q # 0 means that by the definition of pd matrix, there exists xj such that
[|z®]| =1 and ()T (P + ¢,Q)2™® < 0.

Also, since (%) is bounded, {2(*)} has a convergence subsequence K as {z(®)},cx — Z.

Now, recall that ()T (P + ¢,Q)x®) < 0 for Vk € K. Take the limit and we have

z' Pz + limsup ¢, +2'Qz <0.
k—o0,ke K

Therefore, if we take a look at assumption 2, for Z that satisfies Qz = 0, if should satisfy

Z"PZ > 0. So this contract above LHS of inequality should be negative. O

Now, we come up with the proof of sufficient condition.

53



Proof. Before, we first define the augmented Lagrangian as
c
Le(,A) = f(@) +ATh(z) + SIh@)I1

Note that when ¢ = 0, then Lo(x,A) = L(x, A). Note that this is the Lagrangian function

of a new problem as
) c
min f(z) + 5l[h()[

s.t. h(z) =0

(51)

Now, we want to claim that the original constrained problem and penalty added con-
strained problem have the same local minima. The intuition of this is that the penalty
term £[|h(x)||* = 0 over the feasible set. Therefore, it won’t change the local minima of the

original problem. Now let’s take the derivative of L. with respective to x,

Vi Le(Xuy i) = Vo L(Tw, M) + Vh(z)h(24)
= Vo L(xw, As)

Note that the second equality holds by how we defined the problem. Also, the second

derivative of L. holds as follows.

V2o Lo, M) = Va2, L(xa, A) + VA(z) V() T+ ¢ hi(2,)Vhi(x.)
=1

= V2 L(z4, \) + cVh(x,)Vh(z,) "

Now, let’s use the lemma that we have came with up. Think P = V. L(z., \s) and
Q = Vh(x.)Vh(z,)". It is easily to check that two properties are satisfied of above lemma
is satisfied. (why ass 2 holds?). Therefore, we can say that for large ¢, the following holds

VoLo(ze, M) =0
ViaaLe(Te, M) =0

Therefore, by above two bullet points, we can say x, is also a strict local min for the problem
mingern Lo(z, Ax). More precisielying see can say that by above two bullets, the function

L.(x, ) have a lower bound with respect to z as

L@, M) 2 Lu(wa M) + g lle = P, Ve s o — o] < e

Now, if h(z) = 0, then we have L.(z,\.) = f(z) + A\] h(z) + £||h(2)|]* = f(z) O
min f(z) (52)
s.t. h(z) =0

to the unconstraid problem as

min £ () + A h(z) + 3 ||h(2)] (53)
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Now, if ¢ is large, then the penalty ||h(x)||? is exact and we correctly solve the original
problem. However, we have the challenge. We dont’s know A, in advance. So what if we
approximate \,? This is we we called

17 lecture 18

17.1 Sensitivitiy theorem

Let us assume that (x,, A.) satisfies FOC, SOC(sufficient) for min f(x) such that h(z) = 0.
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